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Abstract
In this paper we analyze sub-Bergman Hilbert spaces in the unit disk associated with finite Blaschke
products. We also analyze their analogues in weighted Bergman spaces.
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1. Introduction
Let A be a bounded operator from the Hilbert space H into the Hilbert space K . We define
M(A) to be the range of A with the Hilbert space structure that makes A a coisometry from H
ontoM(A). The inner product onM(A) is given by
〈Af,Ag〉M(A) = 〈f,g〉H , where f,g ∈ H  kerA.
If A is a Hilbert space contraction, we defineH(A) to be the spaceM((1−AA∗)1/2). The space
H(A) is called the complementary space ofM(A).
The notion of a complementary space was introduced by de Branges and Rovnyak. For that
reason H(A) and H(A∗) are called de Branges–Rovnyak spaces [5]. These spaces played a
fundamental role in de Branges’s proof of the Bieberbach conjecture [4]: If f (z) = 1 + a1z +
a2z2 + · · · + anzn + · · · is a conformal map of the unit disk to any domain, then |an|  n, for
every n > 1.
✩ This paper is a part of the author’s doctoral thesis, written at Washington University under the direction of John
E. McCarthy.
E-mail address: saida@math.ufl.edu.0022-247X/$ – see front matter © 2005 Elsevier Inc. All rights reserved.
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640 S. Sultanic / J. Math. Anal. Appl. 324 (2006) 639–649When H = K = H 2 and the contractive operator A is a Toeplitz operator on Hardy space
H 2, T H
2
b , b ∈ (H∞)1, then the complementary spaces HH
2
(T H
2
b ) =HH
2
(b) and HH 2(Tb) =
HH 2(b) are called sub-Hardy Hilbert spaces in the unit disk [6].
The Bergman space L2a(D) consists of all holomorphic functions on the unit disk D such that
‖f ‖L2a =
(∫
D
∣∣f (z)∣∣2 dA(z))1/2 < +∞,
where dA denotes area measure:
dA(z) = 1
π
dx dy, z = x + iy.
In the next section we define sub-Bergman Hilbert spaces in the unit disk which are the analogues
of the sub-Hardy Hilbert spaces. We prove that sub-Bergman Hilbert spaces associated with finite
Blaschke products are equal to H 2, as sets. This result was already proven by Zhu in [9]. We
use a different technique in our proof.
In the third section we discuss sub-Bergman spaces in weighted Bergman spaces. For −1 <
α < +∞, the weighted Bergman space L2a,α = L2a,α(D) on the unit disk is the space of holomor-
phic functions in L2(D, dAα), where
dAα(z) = (α + 1)
(
1 − |z|2)α dA(z).
The main result of the third section says that the sub-Bergman Hilbert spaces in L2a,α , 0 < α < ∞,
associated with finite Blaschke products are equal to L2a,α−1, as sets.
2. Sub-Bergman Hilbert spaces in the unit disk
Given a function ϕ ∈ L∞(D), we define an operator Tϕ on L2a by
Tϕf = P(ϕf ), f ∈ L2a,
where P is the Bergman projection
Pf (z) =
∫
D
f (w)
(1 − zw)2 dA(w).
The operator Tϕ is called the Toeplitz operator on L2a with symbol ϕ.
If we set H = K = L2a and A = Tϕ in the definition of complementary spaces, we get the
spaces H(Tϕ) and H(Tϕ) which are denoted by H(ϕ) and H(ϕ), respectively. These spaces are
called sub-Bergman Hilbert spaces. We will denote the norm and inner product inH(ϕ) by ‖ · ‖ϕ
and 〈·,·〉ϕ .
Let kw denote the Bergman kernel kw(z) = 1/(1 − wz)2. The kernel kw has the property
f (w) = 〈f, kw〉 (f ∈ L2a). For ϕ ∈ L∞, ‖ϕ‖∞  1, let kϕw denote the kernel function for the func-
tional on H(ϕ) of evaluation at w. From the definition of H(ϕ) one immediately gets that kϕw =
(1 − TϕTϕ)kw . If ϕ ∈ H∞, then kϕw = (1 − ϕ(w)ϕ)kw .
Since Tϕ is a contraction, the intersection M(ϕ) ∩ H(ϕ) is nontrivial. The intersec-
tion M(ϕ) ∩ H(ϕ) is called the overlapping space. For Tϕ we have Tϕ(1 − TϕTϕ)1/2 =
(1 − TϕTϕ)1/2Tϕ . One can show that this intertwining relation implies the equality M(ϕ) ∩
H(ϕ) = TϕH(ϕ).
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H(ϕ) [8] . If ϕ ∈ H∞, then ϕ is a multiplier ofH(ϕ). The operator Tϕ is subnormal, and therefore
hyponormal, that is TϕTϕ  TϕTϕ . Using Douglas’s criterion [6], one gets thatH(ϕ) is contained
contractively in H(ϕ). Since ϕ is a multiplier of H(ϕ), the equality H(ϕ) ∩M(ϕ) = TϕH(ϕ)
implies ϕH(ϕ) ⊂ ϕH(ϕ), so H(ϕ) ⊂H(ϕ). One therefore has the equality H(ϕ) =H(ϕ). This
equality means that H(ϕ) and H(ϕ) are equal as sets. Using the closed graph theorem, we get
that their norms are equivalent, that is, there are positive constants c1 and c2 such that
c1‖x‖ϕ  ‖x‖ϕ  c2‖x‖ϕ
for all x ∈H(ϕ).
Let B denote a Blaschke product of finite degree. In this section we analyze the sub-Bergman
spaces of the form H(B) and H(B). The fact that B is holomorphic immediately implies the
equality H(B) =H(B). Therefore H(B) and H(B) have equivalent norms.
Before we continue our analysis of these spaces, we will recall the definition of rescaling
kernels. Let k and j be kernel functions for Hilbert function spaces Hk and Hj , respectively.
We say that j is obtained from k by rescaling or renormalizing if there is a nowhere vanishing
function δ so that
j (ζ, λ) = δ(ζ )δ(λ)k(ζ, λ). (1)
If (1), then Hj = {δ(ζ )f (ζ ): f ∈Hk} [1].
Using the idea of rescaling kernels, we will first characterize spaces H(Ba) and H(Ba), for
a ∈ D and a single Blaschke factor Ba(z) = z−a1−az .
Lemma 2.1. For a ∈ D, it holds H(Ba) =H(Ba) = H 2 as sets.
Proof. We already know thatH(Ba) =H(Ba). So we need to show that only one of these spaces
is equal to the Hardy space (as sets).
The reproducing kernel forH(Ba) is kBa (w, z) = (1−Ba(w)Ba(z))k(w, z), where k(w, z) =
1/(1 − wz)2, and hence
kBa (w, z) =
1
(1 − aw)(1 − az)
(1 − |a|2)(1 − wz)
(1 − wz)2
= 1 − |a|
2
(1 − aw)(1 − az)
1
1 − wz.
Obviously, kBa is obtained from the Szego˝ kernel 1/(1 − wz) by rescaling. This means that
the sub-Bergman space H(Ba) can be obtained from the Hardy space by renormalizing and
H(Ba) = H 2 as sets. 
In our next result we characterize the operator (T1−|Ba |2)
1/2
.
Proposition 2.2. For a ∈ D,
(T1−|Ba |2)
1/2 =
∞∑
n=0
1√
n+ 2
(
Bna ka
)⊗ (Bna ka).
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C(D). By corollary following Proposition 6.1.6 in [7] it holds that 1 − |B|2 ∈ C0(D) ⇔ T1−|B|2
is a compact operator. Since 1 − |B|2  0, T1−|B|2 is also positive. The operator T1−|Ba |2 is
compact and positive. Therefore one can diagonalize this operator [3], that is, there are functions
fn, n = 0,1, . . . , so that
T1−|Ba |2 =
∞∑
n=0
λnfn ⊗ fn,
where fn⊗fn is a rank-one operator fn⊗fn(g) = 〈g,fn〉fn for all g ∈ L2a , and fn, n = 0,1, . . . ,
are eigenfunctions of T1−|Ba |2 with corresponding eigenvalues λn, n = 0,1, . . . .
Then
(T1−|Ba |2)
1/2 =
∞∑
n=0
√
λnfn ⊗ fn.
The following computation shows that the functions fn, n = 0,1,2, . . . , are Bna (u)ka(u), n =
0,1,2, . . . .
First note that
Bna (u) =
(
u − a
1 − au
)n
=
[
(1 − |a|2)u
1 − au − a
]n
=
n∑
k=0
(
n
k
)
(−a)n−k (1 − |a|
2)kuk
(1 − au)k .
Let 〈 , 〉1 denote the inner product in L2a,1. We have
T1−|Ba |2
(
Bna ka
)
= 1
2
(
1 − |a|2)〈Bna (u)ka(u)
1 − au ,
1
1 − au
1
(1 − zu)2
〉
1
= 1
2
(
1 − |a|2)
〈
n∑
k=0
(
n
k
)
(−a)n−k (1 − |a|
2)kuk
(1 − au)k+3 ,
1
1 − au
1
(1 − zu)2
〉
1
= 1
2
(
1 − |a|2) n∑
k=0
(
n
k
)
(−a)n−k(1 − |a|2)k〈 uk
(1 − au)k+3 ,
1
1 − au
1
(1 − zu)2
〉
1
.
The function
(k + 2)!
2
uk
(1 − au)k+3
is the kernel function in L2a,1 for the functional of evaluation of the kth derivative at a, so we get〈
uk
(1 − au)k+3 ,
1
1 − au
1
(1 − zu)2
〉
1
= 2
(k + 2)!
[
∂k
∂uk
(
1
1 − au
1
(1 − zu)2
)]
u=a
= 2
(k + 2)!
[
k∑(k
j
)
∂k−j
∂uk−j
(
1
1 − au
)
∂j
∂uj
(
1
(1 − zu)2
)]j=0 u=a
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(k + 2)!
[
k∑
j=0
(
k
j
)
(k − j)!ak−j
(1 − au)k−j+1
(j + 1)!zj
(1 − zu)j+2
]
u=a
= 2
(k + 2)!
k∑
j=0
(
k
j
)
(k − j)!ak−j
(1 − |a|2)k−j+1
(j + 1)!zj
(1 − za)j+2
= 2
(k + 2)!
k∑
j=0
k!(j + 1) a
k−j
(1 − |a|2)k−j+1
zj
(1 − za)j+2 .
Therefore,
T1−|Ba |2
(
Bna ka
)
= 1
2
n∑
k=0
(
n
k
)
(−a)n−k(1 − |a|2)k+1 2
(k + 2)!
k∑
j=0
k!(j + 1) a
k−j
(1 − |a|2)k−j+1
zj
(1 − az)j+2
=
n∑
k=0
(
n
k
)
(−1)n−kan(1 − |a|2)k 1
(k + 1)(k + 2)
×
k∑
j=0
(j + 1)a−j (1 − |a|2)j zj
(1 − az)j+2
=
n∑
j=0
(j + 1)an−j (1 − |a|2)j zj
(1 − az)j+2
n∑
k=j
(
n
k
)
(−1)n−k 1
(k + 1)(k + 2) .
To finish the proof, we need to show that
n∑
k=j
(
n
k
)
1
(k + 1)(k + 2) (−1)
n−k = 1
j + 1
1
n + 2
(
n
j
)
(−1)n−j .
The expression on the left side can be written as
n∑
k=j
(
n
k
)
1
(k + 1)(k + 2) (−1)
n−k
= (−1)n 1
(n+ 1)(n+ 2)
n∑
k=j
(
n+ 2
k + 2
)
(−1)k
= (−1)n 1
(n+ 1)(n+ 2)
n∑
k=j
{(
n+ 1
k + 1
)
+
(
n + 1
k + 2
)}
(−1)k
= (−1)n−j 1
(n+ 1)(n + 2)
(
n + 1
j + 1
)
= 1
j + 1
1
n+ 2
(
n
j
)
(−1)n−j .
We have shown that T1−|B |2(Bna ka) = 1 Bna ka .a n+2
644 S. Sultanic / J. Math. Anal. Appl. 324 (2006) 639–649It is easy to see that Biaka ⊥ Bja ka if i = j , and {Bna ka}∞n=0 is an orthogonal basis for L2a , so
the proposition follows. 
The space H(Ba) is defined as the range of (T1−|Ba |2)1/2 with inner product〈
(T1−|Ba |2)
1/2f, (T1−|Ba |2)
1/2g
〉
Ba
= 〈f,g〉L2a .
Hence, Proposition 2.2 implies that {Bna ka}∞n=0 is an orthogonal basis for the space H(Ba).
As a consequence of Proposition 2.2, we get our next result.
Corollary 2.3. For a ∈ D, the operators (T1−|Ba |2)1/2 and (T1−|u|2)1/2 are unitarily equivalent.
Proof. Proposition 2.2 says that (T1−|Ba |2)
1/2 and (T1−|u|2)1/2 have the same set of eigenval-
ues with eigenvectors {Bna ka}∞n=0 and {un}∞n=0, respectively. Therefore we have the intertwining
relation
(T1−|Ba |2)
1/2MkaCBa = MkaCBa (T1−|u|2)1/2,
where CBa denotes a composition operator defined by
(CBaf )(z) = f
(
Ba(z)
)
, z ∈ D, f ∈ L2a,
and Mka is the operator on L2a of multiplication by ka(z) = 1−|a|
2
(1−az)2 .
It is easy to see that MkaCBa (un) = Bna ka , and ‖un‖L2a = ‖Bna ka‖L2a , n = 0,1, . . . , which
means that MkaCBa : {un}∞n=0 → {Bna ka}∞n=0 is isometric.
Since
∨∞
n=0{un} = L2a and
∨∞
n=0{Bna ka} = L2a , it follows that MkaCBa is unitary on L2a .
Therefore, (T1−|Ba |2)
1/2 and (T1−|u|2)1/2 are unitarily equivalent. 
We can see from the above thatH(Ba) is isomorphic toH(u). Another consequence of Propo-
sition 2.2 is a description of the operators (T1−|Ba |2m)
1/2
, a ∈ D, m a finite positive integer.
Corollary 2.4. For a ∈ D, m ∈ Z+,m < ∞,
(T1−|Ba |2m)
1/2 =
∞∑
n=0
√
m√
n+m + 1
(
Bna ka
)⊗ (Bna ka). (2)
Proof. The case m = 1 is Proposition 2.2. We will use induction on m to prove that (2) holds for
m  2. Assume T1−|Ba |2m(B
n
a ka) = mn+m+1Bna ka . We need to show that T1−|Ba |2(m+1) (Bna ka) =
m+1
n+m+2B
n
a ka . Since T|Ba |2(m+1) = TBaT|Ba |2mTBa , we get
T1−|Ba |2(m+1)
(
Bna ka
)= Bna ka − T|Ba |2(m+1)(Bna ka)
= Bna ka − TBaT|Ba |2m
(
Bn+1a ka
)
= Bna ka −
(
n+ 2
n +m + 2
)
TBa
(
Bn+1a ka
)
= Bna ka −
(
n+ 2
n +m + 2
)
T|Ba |2
(
Bna ka
)
= Bna ka −
(
n+ 2 n+ 1)
Bna kan +m + 2 n+ 2
S. Sultanic / J. Math. Anal. Appl. 324 (2006) 639–649 645= m + 1
n+m + 2B
n
a ka.
The rest follows from the fact that T1−|Ba |2m is a compact positive operator. 
This result enables us to describe spaces H(Bma ) and H(Bma ). It shows that {Bna ka}∞n=0 is an
orthogonal basis for the space H(Bma ). Arguing the same way as in the proof of Corollary 2.3,
we can show that the operators (T1−|u|2m)1/2 and (T1−|Ba |2m)
1/2 are unitarily equivalent, which
then implies that the space H(um) is isomorphic to H(Bma ).
Since〈
(T1−|u|2m)1/2un, (T1−|u|2m)1/2un
〉
um
= 〈un,un〉
L2a
,
and hence, by Corollary 2.3,
〈
un,un
〉
um
= n+ m + 1
m + 1
〈
un,un
〉
L2a
,
we can see that H(Bma ) can be obtained as renormalized H 2. This also means that H(Bma ) is
equal to H 2 (as sets), because H(Bma ) =H(Bma ) as shown earlier.
Naturally, one may ask: What can be said about the spaces H(B) and H(B) if B is any finite
Blaschke product? The answer to this question is contained in the next theorem.
Theorem 2.5. If B is a finite Blaschke product, then
H(B) =H(B) = H 2 as sets.
Proof. If B is a single Blaschke product, then this is just Lemma 2.1. Let Bn+1 denote a Blaschke
product of degree n+1, and let Bn denote a Blaschke product of degree n. We will use induction
on the degree of the Blaschke product B .
The reproducing kernel for H(Bn+1) is
kn+1(z,w) = 1 −Bn+1(w)Bn+1(z)
(1 − wz)2 .
Now,
kn+1(z,w) = 1 −Bn+1(w)Bn+1(z)
(1 − wz)2
= 1 −Ba(w)Ba(z)
(1 − wz)2 +Ba(w)Ba(z)
1 − Bn(w)Bn(z)
(1 − wz)2
= 1 − |a|
2
(1 − aw)(1 − az)
1
1 − wz +Ba(w)Ba(z)
1 − Bn(w)Bn(z)
(1 −wz)2 .
By Lemma 2.1,
1 − |a|2
(1 − aw)(1 − az)
1
1 − wz
is a Hardy space kernel. By induction hypothesis 1−Bn(w)Bn(z)2 is a Hardy space kernel.(1−wz)
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Ba(w)Ba(z)
1 − Bn(w)Bn(z)
(1 − wz)2
is a Hardy space kernel obtained by rescaling, and therefore it is a weak Hardy space kernel on D.
This implies that the sum
1 − |a|2
(1 − aw)(1 − az)
1
1 −wz + Ba(w)Ba(z)
1 − Bn(w)Bn(z)
(1 − wz)2
is a Hardy space kernel [2], that is, kn+1(z,w) is a Hardy space kernel. Therefore H(B) = H 2
as sets. 
3. Sub-Bergman Hilbert spaces in weighted Bergman spaces
This section is concerned with sub-Bergman Hilbert spaces in weighted Bergman spaces L2a,α ,
−1 < α < ∞. They are the analogues of the sub-Bergman Hilbert spaces.
Let ϕ ∈ L∞(D). We define an operator T αϕ on the space L2a,α(D), −1 < α < +∞, by
T αϕ f = Pα(ϕf ), f ∈ L2a,α,
where Pα :L2α → L2a,α is the projection operator
Pαf (z) =
∫
D
f (w)
(1 − zw)α+2 dAα(w).
The operator T αϕ is called the Toeplitz operator on L2a,α with symbol ϕ.
Using the definition for a contractively contained spaceM(A) in a Hilbert space H [6], and
its complementary space H(A), we define spacesM(T αϕ ) and H(T αϕ ), which we will call sub-
Bergman Hilbert spaces in weighted Bergman spaces. We will use Hα(ϕ) to denote the space
H(T αϕ ).
The kernel for Hα(ϕ) is given by kαϕ,w = (1 − ϕ(w)ϕ)kαw , where kαw is a reproducing kernel
for L2a,α :
kαw(z) =
1
(1 − wz)α+2 .
If 0 < α < +∞, then one can prove that any H∞ function is a multiplier of the sub-Bergman
Hilbert spaces Hα(ϕ) [8]. Arguing as in Section 2, we can show that for ϕ ∈ H∞, the spaces
Hα(ϕ) and Hα(ϕ) are equal as sets.
In Section 2 we studied spaces H(B) and H(B), with B a finite Blaschke product. Now,
we will study their analogues inside weighted Bergman spaces. Arguing as in the proof of
Lemma 2.1, we can prove the following result.
Lemma 3.1.
(i) For a ∈ D, 0 α < +∞, Hα(Ba) =Hα(Ba) = L2a,α−1 as sets.
(ii) If −1 < α < 0, then Hα(Ba) is equal to the space with the reproducing kernel kα(z,w) =
(1 − wz)−(1+α).
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sult characterizes the operators (T α1−|Ba |2)
1/2
, −1 < α < +∞, and enables us to understand the
spacesHα(Ba) for −1 < α < +∞. The proof of this result is very similar to the proof of Propo-
sition 2.2. We will present a part of it that involves slightly more complicated computation.
Proposition 3.2. For a ∈ D,
(
T α1−|Ba |2
)1/2 = ∞∑
n=0
√
α + 1√
n+ α + 2
(
Bna k
α
a
)⊗ (Bna kαa ).
Proof. One only needs to check that T α1−|Ba |2(B
n
a k
α
a ) = α+1n+α+2Bna kαa :
T α1−|Ba |2
(
Bna k
α
a
)= α + 1
α + 2
(
1 − |a|2)〈Bna (u)kαa (u)
1 − au ,
1
1 − au
1
(1 − zu)α+2
〉
α+1
= · · · =
= (α + 1)
n∑
k=0
(
n
k
)
(−1)n−kan 1
(α + 2) · · · (α + k + 2)
×
k∑
j=0
(
k
j
)
(α + 2) · · · (α + j + 1)a−j (1 − |a|2)j zj
(1 − az)j+α+2
= (α + 1)
n∑
j=0
an−j
(
1 − |a|2)j zj
(1 − az)j+α+2
×
n∑
k=j
(
n
k
)(
k
j
)
(k − j)! (α + 2) · · · (α + j + 1)
(α + 2) · · · (α + k + 2) (−1)
n−k
= α + 1
n+ α + 2
n∑
j=0
an−j
(
1 − |a|2)j zj
(1 − az)j+α+2
×
(
n
j
)
(n− j)!
(j + α + 2)

(n + α + 2)
n∑
k=j

(n + α + 3)
(n − k)!
(k + α + 3) (−1)
n−k
= α + 1
n+ α + 2
n∑
j=0
(
n
j
)
an−j (1 − |a|2)j zj
(1 − az)j+α+2 (−1)
n (n − j)!
(j + α + 2)

(n + α + 2)
×
n∑
k=j
[

(n + α + 2)
(n − k)!
(k + α + 2) +

(n + α + 2)
(n − k − 1)!
(k + α + 3)
]
(−1)k
= α + 1
n+ α + 2
n∑
j=0
(
n
j
)
(−a)n−j (1 − |a|2)j zj
(1 − az)j+α+2
= α + 1
n+ α + 2B
n
a k
α
a .
The rest follows in exactly the same way as for the Bergman space L2a . 
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Using the fact that ‖Bna kαa ‖L2a,α = ‖un‖L2a,α , n = 0,1, . . . , and Proposition 3.2 we can prove
the analogue of Corollary 2.3.
Corollary 3.3. For a ∈ D, the operators (T α1−|Ba |2)1/2 and (T
α
1−|u|2)
1/2 are unitarily equivalent.
Corollary 3.3 implies that the spaces Hα(Ba) and Hα(u) are isomorphic.
The next result is the analogue of Corollary 2.4.
Corollary 3.4. For a ∈ D, m ∈ Z+,m < ∞,
(
T α1−|Ba |2m
)1/2 = ∞∑
n=0
√
1 − (n +m)!
(n + α + 2)
n!
(n +m + α + 2)
(
Bna k
α
a
)⊗ (Bna kαa ).
The proof is by induction on m. Proposition 3.2 is the case m = 1.
We can see from this result that {Bna kαa }∞n=0 is an orthogonal basis of Hα(Bma ). Also, Corol-
lary 3.4 implies that the operators (T α1−|Ba |2m)
1/2
, a ∈ D, and (T α1−|u|2m)1/2 are unitarily equiva-
lent, and this implies that the spaces Hα(Bma ) and Hα(um) are isomorphic.
Naturally, one may ask what we can say about the spacesHα(B) andHα(B), if B is any finite
Blaschke product. The answer to this question is an extension of Theorem 2.5.
Theorem 3.5.
(i) If B is a finite Blaschke product, and 0 < α < ∞, then Hα(B) =Hα(B) = L2a,α−1 as sets.
(ii) If B is a finite Blaschke product, and −1 < α < 0, then Hα(B) is equal to a space with the
reproducing kernel kα(z,w) = (1 − wz)−(1+α).
Proof. We will use induction on n, which denotes degree of a finite Blaschke product B = Bn.
Lemma 3.1 proves the case B = Ba .
Assume that 1−Bn(w)Bn(z)
(1−wz)2+α is an L
2
a,α−1 kernel. The kernel for Hα(Bn+1) is
kαn+1(z,w) =
1 − Bn+1(w)Bn+1(z)
(1 − wz)2+α
= 1 − |a|
2
(1 − aw)(1 − az)
1
(1 − wz)1+α + Ba(w)Ba(z)
1 −Bn(w)Bn(z)
(1 − wz)2+α .
By Lemma 3.1,
1 − |a|2
(1 − aw)(1 − az)
1
(1 − wz)1+α
is an L2a,α−1 kernel.
By the induction hypothesis
1 − Bn(w)Bn(z)
2+α(1 − wz)
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Ba(w)Ba(z)
1 − Bn(w)Bn(z)
(1 − wz)2+α
is a weak L2a,α−1 kernel.
Therefore, the sum
1 − |a|2
(1 − aw)(1 − az)
1
(1 − wz)1+α + Ba(w)Ba(z)
1 − Bn(w)Bn(z)
(1 − wz)2+α
is an L2a,α−1 kernel.
This means that if −1 < α < 0, then Hα(B) =Hα(B) = L2a,α−1 as sets.
The second part of the theorem is proven similarly. 
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